Abstract: We continue to construct lattice super Yang-Mills theories along the line discussed in the previous papers [1, 2] . In our construction of N = 2, 4 theories in four dimensions, the problem of degenerate vacua seen in [1] is resolved without affecting exact lattice supersymmetry, while in the weak coupling expansion some surplus modes appear both in bosonic and fermionic sectors reflecting the exact supersymmetry. A slight modification to the models is made such that all the surplus modes are eliminated in two-and three-dimensional models obtained by dimensional reduction thereof. N = 4, 8 models in three dimensions need fine-tuning of three and one parameters respectively to obtain the desired continuum theories, while two-dimensional models with N = 4, 8 do not require any fine-tuning.
Introduction
In this paper, we continue to discuss on a lattice formulation of supersymmetric YangMills (SYM) theories with extended supersymmetries along the line of the papers [1, 2] . The formulation is based on 'topological field theory (TFT) formulation' [3] and 'balanced topological field theory (BTFT) formulation' [4] of N = 2, 4 SYM theories, respectively 1 . It exactly realizes one or two supercharges on the lattice which can be regarded as a fermionic internal symmetry. See refs. [6] - [10] for some recent works on other approaches to lattice supersymmetry. (Also, for recent reviews, see [11] .) In ref. [1] , we discussed on a general aspect of the formulation, and encountered a problem of degenerate vacua of the same kind as in [12] . There we resolved it introducing supersymmetry breaking terms which become irrelevant in the continuum limit. In [2] , focusing on two-dimensional lattice SYM theories with N = 2, 4, we have presented two kinds of modifications to resolve the degenerated vacua without affecting the exact supersymmetry. It has been shown that in the continuum limit the two-dimensional models flow to the desired continuum theories possessing full supersymmetry and rotational invariance without fine-tuning.
Here, we first consider lattice models for four-dimensional SYM theories with N = 2, 4 and their dimensionally reduced versions. By adopting the similar recipe to the twodimensional cases, the problem of the vacuum degeneracy is resolved also in four dimensions with keeping the exact lattice supersymmetry, while surplus zero-modes of the kinetic terms with nonzero momenta appear after the weak field expansion of the gauge link variables. As a manifestation of the exact supersymmetry, the modes exist in both of bosonic and fermionic sectors with the equal multiplicity. Because each of the surplus modes has smaller degrees of freedom than the ordinary zero-mode with zero-momentum, strictly speaking they are not the so-called doublers which have the degrees of freedom equivalent to those of the zero-mode with zero-momentum. Their appearence is considered to reflect the fact that our models do not exactly realize a lattice counter part of the topological term tr F ∧ F . It is not a topological quantity on the lattice in the sense that an arbitrary small variation of the quantity does not always vanish, and it has some surplus dynamical modes, which we are observing as the surplus modes. In this paper, we will not pursue more on the four-dimensional models. Instead, we make use of them as an intermediate step to construct two-and three-dimensional models without surplus modes. This is a main issue of this paper. The lower-dimensional models have N = 4, 8 supersymmetries in two and three dimensions, and they are obtained by dimensional reduction from the four-dimensional models after a slight modification done. The renormalization arguments based on the dimensional analysis and symmetries of the lattice action show that threedimensional N = 4, 8 cases lead the target continuum theories with tuning three and one parameters respectively, while the two-dimensional cases need no fine-tuning. This paper is organized as follows. In section 2, we discuss a naive model for fourdimensional N = 2 SYM theory as well as its slightly modified version, and observe surplus zero-modes appearing in the kinetic terms. In section 3, by considering dimensional reduction of the slightly modified four-dimensional model, we construct lattice models free from the surplus modes defined in two and three dimensions. Also, the renormalization arguments are presented near the continuum limit. Section 4 is devoted to both of a naive lattice model and its slightly modified one for N = 4 SYM theory in four dimensions. In section 5, N = 8 SYM models on the two and three dimensional lattices are presented and their renormalization properties are examined. We summarize the result obtained so far and discuss some future directions in section 6. A proof of the resolution of the vacuum degeneracy is presented in appendix A. Appendix B gives the explicit form of the matrices γ µ , P µ , P ′ µ appearing in the fermion kinetic terms of various models. Throughout this paper, we consider the gauge group G = SU(N ) and the d-dimensional hypercubic lattice Z d (d = 2, 3, 4) . Gauge fields are expressed as compact unitary variables U µ (x) = e iaAµ(x) (1.1) on the link (x, x +μ). 'a' stands for the lattice spacing, and x ∈ Z d the lattice site. All other fields, put on the sites, are traceless hermitian matrices expanded by the SU(N ) generators (the complex scalars φ,φ are complexified versions of them ).
Naive 4D N = 2 Lattice Model and Its Slight Modification
We consider a naive lattice model for four-dimensional N = 2 SYM theory as well as its slightly modified version, which are almost same as the model presented in ref. [1] .
Notations are same as in [1] .
Naive Lattice Model for 4D N = 2
We start with the lattice action for four-dimensional N = 2: 1) where H, χ, Φ, ∆ Φ are three-component vectors. In terms of the plaquette variables
Φ(x) and ∆ Φ(x) are expressed as
with
φ,φ represent complex scalar fields, and ψ µ , χ, η fermions. Also, H are auxiliary fields. The nilpotent supersymmetry Q: Q 2 = (infinitesimal gauge transformation with the parameter φ) (2.5) acts to the lattice fields as
The action has the Q exact form based on the 'TFT formulation' [3] of four-dimensional N = 2 SYM discussed in ref. [1] . This Q, preserved at the lattice level, is one of eight supercharges of four-dimensional N = 2 supersymmetry. Note that we employ dimensionless variables on the lattice, and thus various quantities are of the following orders:
The action (2.1) takes the almost same form as the one presented in the paper [1] except the terms containing ∆ Φ(x). The result of the Q-action in (2.1) becomes
After integrating out H(x), the term tr Φ(x) + ∆ Φ(x) 2 is induced. As is seen in appendix A, the minimum Φ(x)+∆ Φ(x) = 0 is realized by the unique configuration U µν (x) = 1 for any choice of the constant r in the range 2
Thus, ∆ Φ(x) resolve the vacuum degeneracy problem encountered in [1] without affecting the exact supersymmetry Q similarly to the two-dimensional case argued in ref. [2] . Because U µν (x) = 1 is equivalent to U µ (x) = 1 modulo gauge transformations on the infinite lattice x ∈ Z 4 , the expansion
is justified to treat fluctuations around the minimum. Notice that the action has the global U(1) R internal symmetry:
(x) (2.11) with other fields intact.
Surplus Modes After the weak field expansion (2.10), the fermion kinetic terms are expressed as 2.12) where the fermion fields were rescaled by a 3/2 as indicated in (2.7) and combined as
The transpose operation acts only on the spinor indices. ∆ µ and ∆ * µ represent forward and backward difference operators respectively:
14)
The explicit form of the matrices γ µ , P µ is given in appendix B.1. They satisfy 15) while γ µ and P ν with µ = ν do not anticommute:
Notice its difference from the two-dimensional N = 2, 4 cases in the paper [2] , where 2 (2.17) leads no fermion doublers. The kernel of the kinetic term (2.12) is written in the momentum space −π/a ≤ q µ < π/a asD 18) Due to the property (2.16), it is not clear ifD(q) has zero-modes only at the origin (q 1 , · · · , q 4 ) = (0, · · · , 0). Indeed,D(q) has zero-eigenvalues at the points
The modes other than (q 1 , · · · , q 4 ) = (0, · · · , 0) are surplus, and we do not want them in order to get the desired continuum theory. Since the surplus modes are not exact zero-modes of the full action (they are only of the quadratic term), for each of them a corresponding supersymmetric partner exists in the bosonic sector in consequence of the exact supersymmetry Q.
Let us see the bosonic surplus modes. We may consider quadratic terms of
after the expansion (2.10), i.e. linear terms of A µ (x) in Φ(x). Note that terms from ∆ Φ(x) yield irrelevant interaction terms instead of the gauge kinetic term, and we can neglect them in the analysis here. In terms of the Fourier transformed basis
We shall see that there appear at the momenta (2.19) the zero-modesÃ µ (q) satisfying
The case q = 0 is trivial. For the rest, as an example, let us consider the case q (12) ≡ (
with α = 1, · · · , N 2 − 1 being the index of a basis of the gauge generators and K α , L α complex numbers. Because K α is absorbed by the linearized gauge transformation (2.24) only one degree of freedom L α is dynamical. Correspondingly, the Dirac operator (2.18) at q = q (12) has the two eigenvectors for zero-eigenvalue:
meaning one on-shell degree of freedom for fermions. Hence, bosonic and fermionic degrees of freedom for the surplus mode q = q (12) are balanced 3 . The analysis for the other modes is similarly given. The appearence of the surplus modes seems related to exact realization of a lattice counterpart of the topological term d 4 x ε µνλρ tr F µν (x)F λρ (x). Writing as
26)
F µν (x) reduce the continuum field strengths F µν (x) in the limit a → 0. It is easy to see that the surplus modes do not arise from tr F µν (x) 2 in the weak field expansion (2.10) of
, which suggests that the cross term (2.27) contains extra dynamical degrees of freedom corresponding to the surplus modes. Thus it is not exactly topological at the lattice level in the sense that an arbitrary small variation of the quantity does not always vanish. For the case of the gauge group U(1), the topological term has been rigorously constructed on the lattice in refs. [13] . Extension of the construction to the nonabelian case would be quite helpful to resolve our problem. Due to the supersymmetric property, it might seem that bosonic and fermionic contributions to the surplus modes cancel each other among loop diagrams in the perturbation theory, and thus they might be harmless as long as considering observables which do not allow the surplus modes to propagate from the corresponding external lines. In order to clarify it, however we need an explicit analysis of the lattice perturbation theory. Because it is not a main issue of this paper, we will examine the above speculation elsewhere. 3 The on-shell degrees of freedom of the mode q = q (12) are smaller compared with the zero-mode q = 0 having two on-shell degrees of freedom. Thus, we consider the mode q = q (12) not identical with the so-called doublers, and use the term "surplus modes". If it was the doubler, the Dirac operatorD(q (12) ) would become the zero matrix. However, it is not the case.D(q (12) ) has two zero-eigenvalues as well as six nonzero-eigenvalues. The situation is same for the other surplus modes. The notion of the surplus modes is broader than that of the doublers. Nonexistence of the surplus modes leads nonexistence of the doublers, but the reverse does not hold. Note that our model realizes the U(1) R symmetry (2.11) instead of the fermion number conservation at the lattice level. Anomaly will be induced with respect to the fermion number conservation that is broken by the lattice artifact. The situation is opposite to the conventional treatment of the four-dimensional N = 2 SYM theory (For example, see [14] .), where U(1) R becomes anomalous and the fermion number symmetry U(1) J is preserved at the quantum level. In order to remedy it and to reproduce the U(1) R anomaly correctly, we will have to introduce suitable counter terms to the lattice action to cancel the fermion number anomaly. In this paper, we do not pursue the four-dimensional model itself further. Instead, it is utilized as an intermediate step to construct lower-dimensional models not containing surplus modes, after making a slight modification to the four-dimensional model in the next subsection. This is a main issue of this paper.
Slightly Modified Model for 4D N = 2
We slightly modify the action (2.1) with the replacement Φ → Φ ′ , ∆ Φ → ∆ Φ ′ , where
The parameter r is chosen in the range (2.9) again. The link variables along the −µ direction are defined as (2.29) and then plaquettes U µν (x) for µ, ν = ±1, · · · , ±4 are expressed as
The fermion kinetic term of the modified model takes the form
with the matrices P ′ µ , whose explicit form is given in appendix B.2, satisfying
Note that γ i anticommute with P ′ j (i, j = 1, 2, 3). From the same reason as (2.17) in the case [2] , the fermion kinetic term (2.31) has the unique zero-mode at q 1 = q 2 = q 3 = 0, after the dimensional reduction with respect to the fourth direction x 4 which kills the terms containing ∆ 4 or ∆ * 4 . The four-dimensional modified action still has the surplus modes. However, for each of them the momentum has the nonzero fourth component (q 4 = 0), and they are removed in the models obtained by the dimensional reduction with respect to the fourth direction. In this way, we can define N = 4 lattice SYM models in two and three dimensions without surplus modes . We will see the details about the dimensionally reduced lattice models in the next section.
Dimensionally Reduced N = 4 Models in Two and Three Dimensions
We discuss on two-and three-dimensional N = 4 SYM models obtained by dimensional reduction from the slightly modified N = 2 model in four dimensions.
3D N = 4 Case
Here, we consider the dimensional reduction with respect to x 4 in the slightly modified model in section 2.2. The result leads N = 4 SYM on the three-dimensional lattice, whose action is expressed as
where x represents the three-dimensional lattice site (x 1 , x 2 , x 3 ), and
become sitting at the site x. Also, plaquettes U −µ,4 (x) collapse to the links:
The manifest supersymmetry is given by the dimensional reduction of (2.6). Namely, for the cases µ = 1, 2, 3 of (2.6), the form does not change, while for the µ = 4 case it becomes
The action is explicitly written as
Integrating out the auxiliary fields H(x) leads the term
. According to the result of appendix A, the minimum Φ ′ (x) + ∆ Φ ′ (x) = 0 is given by the configurations satisfying
On the infinite lattice x ∈ Z 3 , eqs. (3.5) are equivalent to U 1 (x) = U 2 (x) = U 3 (x) = 1 up to gauge transformations, and then eqs. (3.6) mean V (x) = V 0 (x-independent constant). Furthermore, minimizing the term
in the action for arbitrary φ(x),φ(x) requires V 0 ∈ Z N , i.e. a center element of SU(N ). Since all the Z N elements for V (x) = V 0 give the identical value to the action, it is sufficient to consider the expansion of V (x) around a representative element of Z N , say 1 N . (If all the elements are taken into account, we end up merely with the overall factor N multiplied to the partition function, which gives no influence on physics of the system.) Thus, we can justify the weak field expansion
About Surplus Modes As argued in section 2.2, the fermion kinetic term in this threedimensional model has no surplus mode, which obviously means fermion doublers not appearing. Then the exact supersymmetry Q guarantees nonexistence of the surplus modes in the bosonic sector. Now we explicitly check it. After the weak field expansion (3.8) , the Fourier transformation of Φ ′ (x) becomes
We do not have to take into account ∆ Φ ′ (x), because its weak field expansion merely yields irrelevant interaction terms and does not contribute to the kinetic term. We can show that there is no nontrivial mode satisfying
except q 1 = q 2 = q 3 = 0. First, let us consider the cases that the momentum (q 1 , q 2 , q 3 ) has only one nonzero component. Since eqs. (3.10) are invariant under the simultaneous permutations (q 1 , q 2 , q 3 ) → (q 2 , q 3 , q 1 ) and (
, it is sufficient to see the case q 1 = q 2 = 0, q 3 = 0, alone. Then, eqs. (3.10) leadṽ =Ã 1 =Ã 2 = 0, which can be written asṽ
where α represents the index with respect to the SU(N ) gauge generators, and K α (q) are complex-valued functions of q = (0, 0, q 3 ). It is not physically nontrivial, because it is a longitudinal mode and can be absorbed by the gauge degrees of freedom. Also, for the cases that the momentum has two nonzero components, the solution is described as the form (3.11) again and it is not physically nontrivial. Finally, in the case of all the components of the momentum nonzero, under the gauge choice ofÃ 1 (q) = 0 one can write Φ′ as
The determinant of the matrix M (q) takes the form
Since det M (q) = 0 for q 1 , q 2 , q 3 = 0, there is no nontrivial solution for (3.10) . Thus, the boson kinetic term has no physical surplus modes, which precisely coincides with the situation for the fermionic sector as expected by the existence of the exact supersymmetry Q.
Renormalization After the rescaling 15) the lattice action (3.1) reduces to the continuum action of N = 4 SYM in the continuum limit a → 0 with g 2 3 ≡ g 2 0 /a fixed, and thus N = 4 supersymmetry and rotational symmetry in three dimensions are restored in the classical sense. We will check whether the symmetry restoration persists against the quantum corrections, i.e. whether symmetries of the lattice action forbid relevant or marginal operators induced which possibly obstruct the symmetry restoration. In order to consider the quantum effects near the continuum limit, we assume the fixed point at g 0 = 0, which is suggested by the asymptotic freedom of the theory, and treat quantum fluctuations in the perturbative way around g 0 = 0.
It is useful for the renormalization argument to note symmetries of the lattice action (3.1):
• lattice translational symmetry
• SU(N ) gauge symmetry
• supersymmetry Q
• global U(1) R internal symmetry 4 of the same form as (2.11)
As for the cyclic permutation, x ±1, x ±2, x ±3 are transformed tox ±2,x ±3,x ±1, respectively. Then, one can see that (3.17) and that the action is invariant under (3.16) . The mass dimension of the coupling constant squared g 2 3 is one. For a generic boson field ϕ (except the auxiliary fields H) and a fermion field ψ, the dimensions are 1 and 3/2 respectively. Thus, operators of the type ϕ a ∂ b ψ 2c have the dimension p ≡ a + b + 3c, where '∂' means the derivative with respect to a coordinate. From the dimensional analysis, it turns out that the operators receive the following radiative corrections up to some powers of possible logarithmic factors: 18) where the first term in the parentheses represents the contribution from the tree level, and the term containing the coefficient c ℓ comes from the ℓ-loop contribution. It is clear from g 2 3 playing the same role as the Planck constant in the action (3.1) . From the formula (3.18), one can see that operators with p ≤ 4−ℓ are relevant or marginal if they are induced at the ℓ-loop level.
Because we know that the lattice action reduces to the desired continuum SYM action at the classical level, we need to check operators with p = 0, 1, 2, 3 which are allowed to be induced by the above symmetries of the lattice action. Operators with p ≤ 4 are listed in Table 1 . The identity operator corresponding to p = 0 merely shifts the origin of the energy, which is not interesting to us. For the cases p = 1, 2, the SU(N ) gauge invariance and the U(1) R symmetry allow the scalar mass operators tr (φφ), tr v 2 , while they are forbidden by the supersymmetry Q.
In the p = 3 case, let us first consider operators of the Q-exact form: QO as Q-invariant operators. Then O has the mass dimension 5/2 and the U(1) R charge −1. Candidates of such O are tr (ψ µφ ), tr (ψ 4φ ), tr (χ A v). Here, we do not have to take into account tr (ηv), because Q tr (ηv) = −Q tr (ψ 4φ ). Due to the requirement of the permutation symmetry (3.16) , the candidates reduce to the following three combinations:
The corresponding p = 3 operators are (3.20) Note that other than the fermion bilinears appearing in the three operators of (3.20) there are no possible ψψ terms fulfilling the symmetry requirements. (tr (ψ µ χ A ) comes from Q tr (A µ χ A ), while it is not gauge invariant.) Because any p = 3 operators consistent to the symmetries must contain ψψ terms, we can say that all the p = 3 operators satisfying the symmetries are given by (3.20) and nothing more appears. It means that there is no nontrivial Q-cohomology element satisfying the symmetries of the lattice action, and we do not have to consider operators belonging to the nontrivial Q-cohomology. Thus, we can conclude that the three of (3.20) are the operators of p = 3 possibly radiatively generated.
Therefore, the loop corrections are allowed to generate the three operators (3.20) alone except the identity. In order to reach the desired supersymmetric continuum theory, we have to add counter terms for the operators and cancel them with the radiative corrections by fine-tuning.
2D N = 4 Case
A lattice model for N = 4 SYM in two dimensions is obtained as a result of the further dimensional reduction of (3.1) with respect to x 3 . In addition to the variable V (x) sitting on the two-dimensional lattice site x = (x 1 , x 2 ), there appear new site variables W (x) ≡ U 3 (x), W (x) † = U −3 (x). The action takes the form
where Φ ′ , ∆ Φ ′ are given by (2.28) and
The explicit form of the action is
From the argument parallel to the three-dimensional N = 4 case, the action is minimized by the configurations gauge-equivalent to
Since all the elements of Z N for V 0 and W 0 give the same value to the action, it is justified to consider the weak field expansion around 1 as
It reproduces the continuum action of the theory having the full N = 4 supersymmetry in the classical continuum limit: a → 0 with the coupling constant squared g 2 2 = g 2 0 /a 2 fixed. Because the three-dimensional N = 4 SYM model in the previous subsection does not have any surplus modes, obviously no surplus mode appears in the two-dimensional N = 4 case here obtained by the further dimensional reduction therefrom 5 .
The argument for the renormalization goes along similarly to the three-dimensional N = 4 case. Now the coupling squared g 2 2 has the mass dimension two, and generic operators of the type ϕ a ∂ b ψ 2c with the dimension p ≡ a+ b+ 3c receive the loop corrections as
where the notations are similar as in (3.18) . To seek possible relevant or marginal operators radiatively generated, let us see operators of p = 1, 2, which are of the types ϕ and ϕ 2 according to Table 1 . Among them, there does not exist any operator satisfying the SU(N ) gauge invariance, the U(1) R symmetry and the supersymmetry Q. Thus, the loop corrections are not allowed to generate any relevant or marginal operators except the identity, which means restoration of the full N = 4 supersymmetry and rotational invariance in the continuum limit without any fine-tuning. The lattice action (3.21) preserving one supercharge Q is different from the formulation based on the BTFT discussed in [2] , where two supercharges Q ± are maintained. Thus, we have two different lattice formulations describing the same target theory of two-dimensional N = 4 SYM with no tuning of parameters.
Naive 4D N = 4 Lattice Model and Its Slight Modification
Here, we discuss on a naive lattice model for four-dimensional N = 4 SYM as well as its slightly modified version. Notations are same as in ref. [1] .
Naive Lattice Model for 4D N = 4
Let us start from the naive lattice action for four-dimensional N = 4 SYM theory with two supercharges Q ± preserved:
5 In fact, the fermion kinetic part of (3.23) takes the same form to the model based on the 'BTFT formulation' preserving the two supercharges given in ref. [2] . The latter clearly has no surplus modes because of the property (2.17) . It also proves the nonexistence of the surplus modes for (3.23).
where quantities with the arrows are three-component vectors, and Φ(x), ∆ Φ(x) are given by (2.3) . In the N = 4 SYM, we have real scalar fields B, C (hermitian matrices) in addition to the complex scalars φ,φ. Also,H µ , H are bosonic auxiliary fields. Fields ψ +µ , ψ −µ , χ + , χ − , η + , η − represent fermions. The Q ± supersymmetry transforms the lattice fields as
2)
The supercharges Q ± are nilpotent up to gauge transformations in the sense As discussed in ref. [1] , the action has the "double Q-exact form" (Q + Q − (something)) based on the 'BTFT formulation' [4] of N = 4 theories. The order of various quantities on the lattice are as follows:
Note that the model has an SU(2) R symmetry, whose generators are defined as
with α = 1, · · · , N 2 − 1 the index of the SU(N ) gauge group generators, satisfying the algebra:
The SU(2) R symmetry is a subgroup of a full SU(4) R symmetry group in four-dimensional N = 4 SYM theory. J 0 is a generator of U(1) R rotation, which is contained in the SU(2) R as its Cartan subalgebra. J ++ (J −− ) raises (lowers) the U(1) R charge by two-units. The subscript ± of the fermions indicates the U(1) R charge ±1, and Q ± raises/lowers the charge by one. Under the SU(2) R rotation, each of (ψ α +µ , ψ α −µ ), (χ α + , χ α − ), (η α + , −η α − ) and (Q + , Q − ) transforms as a doublet, and (φ α , C α , −φ α ) as a triplet.
Similarly to the case of the four-dimensional N = 2 model, the minimum Φ(x) + ∆ Φ(x) = 0 is given uniquely by U µν (x) = 1 for the parameter r of (2.9). Thus, the weak field expansion of U µ (x) around 1 is justified again, but the same kind of surplus modes appear both in the boson and fermion kinetic terms. We will focus on constructing lowerdimensional lattice models for N = 8 SYM theories obtained by the dimensional reduction from a slightly modified version of the four-dimensional model.
Slightly Modified Model for 4D N = 4
Let us consider a slight modification of the four-dimensional model by replacing Φ, ∆ Φ with Φ ′ , ∆ Φ ′ defined in (2.28). After rescaling the fermion fields by a 3/2 , the fermion kinetic term becomes 9) with the explicit form of P ′ µ in appendix B.3 obeying the algebra same as (2.32). The fermion fields were combined as
The situation is parallel to the four-dimensional N = 2 case. Although the surplus modes still remain in the four-dimensional model even after the modification, they are removed by doing the dimensional reduction with respect to the fourth direction x 4 . As a result, we obtain N = 8 SYM theory in three dimensions as well as that in two dimensions by reducing further. Thus, we can construct the N = 8 lattice models in two and three dimensions, which are free from the surplus modes.
Dimensionally Reduced N = 8 Models in Two and Three Dimensions

3D N = 8 Case
After the dimensional reduction with respect to x 4 , the slightly modified model in section 4.2 leads a lattice model for three-dimensional N = 8 SYM. The action is expressed as
where x represents a three-dimensional lattice site (x 1 , x 2 , x 3 ), and
are given by the definition (2.28) and (3.2) . The supersymmetry transformation (4.2), (4.3), (4.4) is also dimensionally reduced with respect to x 4 . The result changes the form of the µ = 4 part of (4.2) alone. It becomes
Repeating the argument similar to the three-dimensional N = 4 case, we can justify the weak field expansion (3.8) and show nonexistence of the surplus modes.
Renormalization After the rescaling
3) the classical action (5.1) reduces to the desired continuum action for N = 8 SYM in three dimensions in the continuum limit a → 0 with g 2 3 ≡ g 2 0 /a fixed. Then, N = 8 supersymmetry and rotational symmetry are restored. Now, we argue about the renormalization with noting symmetries of the lattice action (5.1):
• supersymmetry Q ±
• SU(2) R symmetry of the same form as (4.7) • interchanging symmetry of Q + ↔ Q − with (5.5) Parallel to the argument given in the three-dimensional N = 4 case, operators we have to check are those with the dimension p = 1, 2, 3 of the types appearing in Table 1 . For p = 1, 2, the four operators tr (4φφ + C 2 ), tr v 2 , tr (B A v), tr (B A B B ) satisfy the requirement from the SU(N ) gauge invariance and the SU(2) R symmetry, but all of them conflict with the supersymmetry Q ± . Next, to search the p = 3 operators, it is convenient to utilize the result of Q ± -cohomology. Under the assignment of the degrees (q + , q − ) to each variable:
(here, µ = 1, · · · , 4), the result is summarized as follows: Any gauge invariant and SU (2) R invariant operator α annihilated by Q ± can be expressed as
α 0 is proportional to the identity, and β ± , γ are gauge invariant. Furthermore, the SU(2) R invariance of Q + Q − γ singles out the former. Thus, we can conclude that the p = 3 operator 8) which is the only one consistent to the symmetries possessed by the lattice action, is possibly generated as the radiative corrections. In order to reach the desired continuum theory with the full N = 8 supersymmetry restored, it is necessary to add a counter term corresponding the above operator to cancel it with the radiative corrections by fine-tuning.
2D N = 8 Case
A lattice theory for N = 8 SYM in two dimensions is obtained by the further dimensional reduction from the three-dimensional N = 8 model (5.1) with respect to x 3 . The action takes the same form as (5.1), but now x stands for a two-dimensional lattice site (x 1 , x 2 ). Also, the variables W (x) ≡ U 3 (x), W (x) † = U −3 (x) become sitting at sites. Φ ′ , ∆ Φ ′ are defined by (2.28) and (3.22) . When considering fluctuations around the minimum of the action, the weak field expansion of the form (3.24) is justified, and no surplus mode appears. The naive continuum limit a → 0 with g 2 2 ≡ g 2 0 /a 2 fixed leads the desired continuum action after a suitable rescaling of lattice fields corresponding to the order (4.6) . Because any operators of the types ϕ, ϕϕ with p = 1, 2 in Table 1 do not satisfy the requirement from the Q ± supersymmetry, the loop corrections are not allowed to generate any relevant or marginal operators except the identity. It means restoration of the full supersymmetry and the rotational invariance in the continuum limit at the quantum level without fine-tuning.
Summary and Discussions
In this paper, first we have discussed on naive lattice models for N = 2, 4 SYM theories in four-dimensions constructed based on the 'TFT, BTFT formulations' along the same line to the papers [1, 2] . A problem of the degenerate vacua encountered in the paper [1] is resolved with keeping the exact lattice supersymmetry, similarly to the two-dimensional cases [2] . However, we see that there appear surplus zero-modes carrying nonzero momenta in the kinetic terms for both of bosons and fermions in addition to the ordinary zero-momentum mode. The appearence of the surplus modes seems to be related to the fact that our construction of a lattice counter part of the quantity F ∧ F is not exactly topological on the lattice.
By dimensional reduction of a slightly modified version of the four-dimensional models, we have constructed two-and three-dimensional models with N = 4, 8 supersymmetry, which are completely free from the surplus modes. These models flow into the desired continuum theories with three and one parameters fine-tuned for three-dimensional N = 4, 8 cases, while no fine-tuning is required in the two-dimensional cases. This is a main result of this paper.
After building the models, it is natural to consider actual numerical computation by utilizing the lattice actions presented here. A first step toward the end will be to examine the positivity of the fermion determinant similarly as in refs. [15] for the case of lattice models based on the idea of the deconstruction [9] . Also, for the numerical study, it would be attractive to apply the method of density matrix renormalization group [16] to our lattice models via the Hamiltonian formulation.
As for four-dimensional N = 4 theory, it is believed that it has no anomaly due to the ultra-violet finiteness [17] differently from the N = 2 case. Suppose that we may not consider about the problem of the surplus modes. Then, since the exact supersymmetry Q ± of the N = 4 lattice model enhances to the full N = 4 supersymmetry in the naive continuum limit, only the lattice artifact of O(a) breaks the full 16 supercharges down to the two Q ± and violates the ultra-violet finiteness. It induces loop divergence as a → 0. Thus, the radiative corrections seem to have the structure something like (lattice artifact of O(a)) × (loop divergence as a → 0), (6.1) which are somewhat subtle to say whether they survive in the continuum limit or not. It would be interesting to do an explicit perturbative analysis for the four-dimensional N = 4 lattice model, and to see whether the radiative corrections induce relevant or marginal operators to the action. N = 8 SYM theories in two and three dimensions have been proposed as matrix string models which serve nonperturbative definitions of superstring theory [18] . It would be meaningful to do nonperturbative investigation of the corresponding lattice models presented here from the viewpoint of string theory as well as the field-theoretical interest.
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A. Resolution of Vacuum Degeneracy
Here we show that the minimum
of the gauge field action is uniquely given by the configuration U µν (x) = 1 when the parameter r = cot ϕ ranging as
To do that, it is sufficient to see that the equation for U, V ∈ SU(N ):
has the unique solution U = V = 1 when ϕ satisfies (A.2). Diagonalizing U, V as
with Ω U , Ω V ∈ SU(N ), eq. (A.3) can be expressed in the form
U Ω V is adjoint action transforming from a diagonal matrix to a diagonal matrix, it must belong to the Weyl group of SU(N ), i.e. Ω leads even permutations of diagonal entries. Thus eq. (A.5) is equivalent to the following set of equations: 6) with an even permutation:
Let us consider the equations for an arbitrarily fixed permutation i. We may take the following parametrizations:
Eq. (A.6) can be written as
In eqs. (A.8), cos
The case k = 1, · · · , N − 1 in eq. (A.10) First consider the case k = 1, · · · , N − 1. From the parametrization (A.7), the relation (A.10) is realized by the following three cases:
The second possibility (A.12) means u k = v i(k) = π, but it is not consistent to (A.8) . Also, the third (A.13) leads cos u k +v i(k) 2 < 0, which requires .14) from the consistency with eq. (A.8). Then, we obtain .15) from (A.14). However, it is easy to see that (A.13) B. Explicit Form of the matrices γ µ , P µ , P ′ µ
We present the explicit form of the matrices γ µ and P µ appearing in the naive lattice models of four-dimensional N = 2, 4 theories as well as P ′ µ in their slightly modified versions. In what follows, σ 1 , σ 2 and σ 3 represent the Pauli matrices. P µ are expressed as 
